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Abstract 

On the basis of a simultaneous description of the isoscalar s-wave of vrvr scattering 
(from the threshold up to 1.9 GeV) and of vrvr — > KK process (from the threshold 
' to ~ 1.4 GeV) in the model- independent approach, it is shown that there exists the 

O ■ /o(665) state with properies of the cr-meson, the glueball nature of /o(1500) is indi- 

CN ■ cated, and the /o(1370) is assigned mainly to ss state. The coupling constants of the 

. observed states with vrvr and KK systems and scattering lengths ao(7r-7r) and a^^KK) 

are calculated. The existence of the /o(665) state and the obtained vrvr-scattering 
length (oq ~ 0.27m~+) seem to suggest the linear realization of chiral symmetry. 
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1. The scalar-meson sector causes a lot of questions up to now. A strong model dependence 
O ' of information on these objects (as wide multichannel states) obtained from experimental 
^ ■ data makes sometimes the drawn conclusions doubtful. E.g., we have shown |l|] that an 
inadequate description of multichannel states gives not only their distorted parameters when 
^ ' analyzing data but also can cause the fictitious states when one neglects important channels. 
p • In this report, we show that a large background earlier obtained in various analyses of the 
p • s-wave TTTT scattering hides, in reality, the cr-meson and the influence of the left-hand 
^ ' branch-point. The state with cr-meson properties is required by most models (like the 
linear cr-models and the Nambu - Jona-Lasinio models [Q) for spontaneous breaking of 



chiral symmetry. 

A model-independent information on multichannel states can be obtained only on the 
basis of the first principles (analyticity and unitarity) immediately applied to analyzing 
experimental data and using the mathematical fact that the local behaviour of analytic 
functions determined on the Riemann surface is governed by the nearest singularities on 
all sheets. Earlier, we have proposed that method for 2- and 3-channel resonances and 
developed the concept of standard clusters (poles on the Riemann surface) as a qualitative 
characteristic of a state and a sufficient condition of its existence [0]. We outline this below 
for the 2-channel case. Then we analyze simultaneously experimental data on the processes 
TTTT —s> TTTT, KK in the channel with J^^ = 0+0^^. On the basis of obtained pole clusters 
for resonances, their coupling constants with the considered channels and scattering lengths 
compared with the results of various models, we conclude on the nature of the observed 
states and on the mechanism of chiral-symmetry breaking. 

2. Two-Coupled-Channel Formalism. We consider the coupled processes of tttt and 
KK scattering and tttt KK. Therefore, we have the 2-channel S'-matrix determined 
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on the 4-sheeted Riemann surface. The matrix elements Saf3, where a,l3 = 1{tt7t),2{KK), 
have the right-hand (unitary) cuts along the real axis of the s-variable complex plane {s 
is the invariant total energy squared), starting at 4m^ and 4:m'j^, and the left-hand cuts, 
beginning at s = for and at 4(m|^ — m^) for S'22 and 5*12. The Riemann-surface sheets 
are numbered according to the signs of analytic continuations of the channel momenta 

ki = (s/4 — m^)^/^, k2 = (s/4 — m|.)^/^ as follows: signs (Imfci,ImA;2) = ++, — h, ,H — 

correspond to the sheets I, II, III, IV. 

The resonance representations on the Riemann surface are obtained with the help of 
the formulae, expressing analytic continuations of the matrix elements to unphysical sheets 
S^f^ (L = //, ///, IV) in terms of those on the physical sheet S*^^ which have only zeros 
(beyond the real axis), corresponding to resonances: 

nil _ _}_ qiii 
^11 ~ Qi } ^11 

J J _ det S jjj _ .-^11 _ 

•^22 - ^/^ ' -^22 - CP "^22 - ol ' 

qll _ ^'^12 qlll 

Oil 

Here det = S{iS22 ~ {S{2Y- These formulae immediately give the resonance representa- 
tion by poles and zeros on the 4-sheeted Riemann surface. One must discriminate between 
three types of 2-channel resonances described by a pair of conjugate zeros on sheet I: (a) 
in Sii, (b) in S'22, (c) in each of Su and S'22- As seen from (|I]), to the resonances of types 
(a) and (b) one has to make correspond a pair of complex conjugate poles on sheet III, 
shifted relative to a pair of poles on sheet II and IV, respectively. To the states of type (c) 
one must consider corresponding two pairs of conjugate poles on sheet III. A resonance of 
every type is represented by a pair of complex-conjugate clusters (of poles and zeros on the 
Riemann surface) of size typical of strong interactions. The cluster kind is related to the 
state nature. The resonance, coupled relatively more strongly to the vrvr channel than to 
the KK one, is described by the cluster of type (a); in the opposite case it is represented by 
the cluster of type (b) (say, the state with the dominant ss component); the flavour singlet 
{e.g. glueball) must be represented by the cluster of type (c) as a necessary condition. 

For the simultaneous analysis of experimental data on the coupled processes it is con- 
venient to use the Le Couteur-Newton relations 0] expressing the S'-matrix elements of 
all coupled processes in terms of the Jost matrix determinant d{ki,k2), the real analytic 
function with the only square- root branch-points at /cj = 0. To take into account these 
right-hand branch-points at 4m^ and Amj^ and also the left-hand one at s = 0, we use the 
uniformizing variable 

m.r^. /-Q — Aral + ^Ti^r \/ s — Am\ 

m\ - ml) 

which maps the 4-sheeted Riemann surface onto the f-plane, divided into two parts by 
a unit circle centered at the origin. Sheets I (II), III (IV) are mapped onto the exterior 
(interior) of the unit disk on the upper and lower f-half-plane, respectively. The physical 
region extends from point i on the imaginary axis (tttt threshold) along the unit circle 
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clockwise in the 1st quadrant to point 1 on the real axis {KK threshold) and then along 



the real axis to point & = y {jnR + ^tt) / ij^K — t^-k) into which s = cxd is mapped on the 
v-plane. The intervals (—00, —b], [—b^^, b^^], [b, 00) on the real axis are the images of the 
corresponding edges of the left-hand cut of the vrvr-scattering amplitude. The type (a) 
resonance is represented in Sn by two pairs of the poles on the images of sheets II and III, 
symmetric to each other with respect to the imaginary axis, and by zeros, symmetric to 
these poles with respect to the unit circle. On f-plane, the Le Couteur-Newton relations 
are 

_ dj-y-^) _ d{v-^) 2 _ d{-v) . . 

d[v) d[v) d[v) 

The condition of the real analyticity implies d{—v*) = d*{v) for all v, and the unitarity 
needs the following relations to hold true for the physical f- values: < 
\d{v-')\ < \d{v)l \d{-v)\ = \d{v)\. 

The )-function that already does not possess branch-points is taken as c? = dsdres 
where is the part of the KK background that does not contribute to the vrvr-scattering 
amplitude. On the f-plane, 5*11 has no cuts, however, the amplitudes of KK hit, KK 
processes do have the cuts on the f-plane, which arise from the left-hand cut on the s-plane, 
starting at the point s = A^m]^ — m^) . This left-hand cut will be neglected in the Riemann- 
surface structure, and the contribution on the cut will be taken into account in the KK 
background as a pole on the real s-axis on sheet I in the sub-i^/T-threshold region; on the 
f-plane, this pole gives two poles on the unit circle in the upper half-plane, symmetric to 
each other with respect to the imaginary axis, and two zeros, symmetric to the poles with 
respect to the real axis. Therefore, 

dB = v~\l - pv)\l + p%)\ (4) 

where p is the position of zero on the unit circle. The fourth power in (^) follows from 
eqs.(|^) and from that, for the s-channel process vrvr KK, the crossing u- and t-channels 
are the ir — K and W — K scattering (exchanges in these channels contribute on the left- 
hand cut). The function dres{v) represents the contribution of resonances and, except for 
the point f = 0, consists of the zeros of clusters: 

M 

dres = n (1 - + ^nV), (5) 

n=l 

where M is the number of pairs of the conjugate zeros. 

3. Analysis of experimental data. We analyze simultaneously the available exper- 
imental data on the vrvr-scattering and process vrvr KK ^ in the channel with 
jGjPC _ Q+Q++^ Ag i^j^g data, we use the results of phase analyses which are given for phase 
shifts of the amplitudes (5i and ^12) and for moduli of the S-matrix elements rja = \Saa\ 
(a=l7r7r,2i^'i^') and C, = {Sul- The 2-channel unitarity condition gives tji = ri2 = 1], C, = 
il-v'Y^', 6u = 6, + 52. 

For a satisfactory description of the s-wave vrvr scattering from the threshold to 1.89 
GeV and process vrvr — > KK from the threshold to ~ 1.4 GeV, three resonances turned out 
to be sufficient (solution 1): the two ones of type (a) (/o(665) and /o(980)) and /o(1500) of 
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type (c). I.e., a minimum scenario of the simultaneous description of these two processes 
does not require the /o(1370) resonance, therefore, if this meson exists, it must be relatively 
more weakly coupled to the vrvr channel than to the KK one, i.e., be described by the cluster 
of type (b) (this would testify to the dominant ss component in this state). To confirm 
quantitatively this qualitative conclusion we consider also the 2nd solution including 
the /o(1370) of type (b). 

Solution 1: For 5i and r/, 113 and 50 experimental points P], respectively, are used; 
when rejecting the points at 0.61, 0.65, and 0.73 GeV for 5i and at 0.99, 1.65, and 1.85 
GeV for rj which give an anomalously large contribution to x^, we obtain for x^/ndf the 
values 2.7 and 0.72, respectively; the total x^/ndf in the case of tttt scattering is 1.96. 

The satisfactory description for 15*121 is given from the threshold to ~ 1.4 GeV. Here 
35 experimental points |^ are used; /ndi ~ 1.11 when eliminating the points at 1.002, 
1.265, and 1.287 GeV (with an especially large contribution to x^)- 

For 5i2{\fs), a satisfactory description is obtained to ~ 1.52 GeV with p = 0.948201 + 
0.31767i (this corresponds to the pole on the s-plane at s = 0.434GeV^). Here 59 ex- 
perimental points are considered; x^/iidf ~ 3.05 when eliminating the points at 1.117, 
1.247, and 1.27 GeV (with an especially large contribution to x^)- The total x^/ndf for 
four analyzed quantities to describe the processes tttt — > mr,KK is 2.12; the number of 
adjusted parameters is 17. In Table |I|, the obtained pole clusters for resonances are shown 
on the complex energy plane {^/s^ = — iTr). 



Table 1: Pole clusters for resonances obtained in solution 1. 



Sheet 


/o(665) 


/o(980) 


/o(1500) 


E, MeV r, MeV 


E, MeV r, MeV 


E, MeV r, MeV 


II 


610±14 620±26 


988±5 27±8 


1530±25 390±30 


ni 


720±15 55±9 


984±16 210±22 


1430±35 200±30 
1510±22 400±34 


IV 






1410±24 210±38 



Now we calculate the coupling constants of these states with tttt and KK systems {gi and 
g2, respectively) through the residues of amplitudes at the pole on sheet II, expressing the T- 
matrix via the S'-matrix as Sa = 1 + 2ipiTii, Su = pxP2T\2-, where pi = y^(s — Amf)/ s, 
and taking the resonance part of amplitude in the form T^^^* = J2r 9irgrjD~^{s), where 
Dr{s) is the inverse propagator {Dr{s) oc s — Sr). We obtain (in GeV units): for /o(665): 
gi = 0.7477 ± 0.095 and g2 = 0.834 ± 0.1, for /o(980): gi = 0.1615 ± 0.03 and g2 = 
0.438 ± 0.028, for /o(1500): gi = 0.899 ± 0.093. 

Solution 2 (analysis with /o(1370)): The description of the tttt scattering from the 
threshold to 1.89 GeV is practically the same as without the /o(1370): x^/iidf for 6i and 
rj is 2.01. The description of data is slightly improved for 15*121 which is reached now up to 
~ 1.46 GeV. For this quantity, we now consider 41 experimental points P]; x^/ndf ~ 0.92. 
However, on the whole, the description is even worse than with the 1st solution: the total 
X^/ndf ~ 2.93 for four analyzed quantities to describe the processes tttt —>■ vrvr, KK (cf. 2.12 
for the 1st case). The number of adjusted parameters is 21 where they all are positions of 
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the poles describing resonances except a single one related to the KK background which is 
p = 0.976745 + 0.214405z (this corresponds to the pole on the s-plane at s = 0.622GeV^). 

In Table 0, the obtained clusters for considered resonances are shown (the cluster for 
the /o(665) remains the same as in solution 1, therefore, it is not shown in Table |^). 
When calculating the coupling constants in solution 2, we should take, for the /o(1370). 



Table 2: Pole clusters for resonances obtained in solution 2. 



Sheet 


/o(980) 


/o(1370) 


/o(1500) 


E, MeV r, MeV 


E, MeV r, MeV 


E, MeV r, MeV 


II 


986±5 25±8 




1530±22 390±28 


III 


984±16 210±25 


1340±21 380±25 


1490±30 220±25 
1510±22 370±30 


IV 




1330±18 270±20 


1490±20 300±35 



the residues of amplitudes at the pole on sheet IV. We obtain (in GeV units): for /o(665): 
gi = 0.724±0.095 and g2 = 0.582±0.1, for /o(980): gi = 0.153±0.03 and g2 = 0.521±0.028, 
for /o(1370): gi = 0.11 ± 0.03 and g2 = 0.91 ± 0.04, for /o(1500): gi = 0.866 ± 0.09. 

So, the /o(980) and especially the /o(1370) are coupled essentially more strongly to the 
KK system than to the vrvr one. This tells about the dominant ss component in the /o(980) 
state and especially in the /o(1370) one. 

Let us also indicate the scattering lengths calculated for both the solutions. For the 
KK scattering: al{KK) = -1.188 ± 0.13 + (0.648 ± 0.09)z, [m;|]; (solutionl), 
a'^oiKK) = -1.497 ± 0.12 + (0.639 ± 0.08)z, [m~l]; (solution2). 
The imaginary part in QqIKK) means that, already at the threshold of the KK scattering, 
other channels (27r, 47r etc.) are opened. We see that the real part of the KK scattering 
length is very sensitive to the existence of the /o(1370) state. 

In Table ^, we compare our results for the vrvr scattering length Cq, obtained for both 
solutions, with results of some other works both theoretical and experimental. We see that 
our results correspond to the linear realization of chiral symmetry. 

Here, we presented model-independent results. Masses and widths of these states that 
should be calculated from the obtained pole positions and coupling constants are highly 
model-dependent. Let us demonstrate this. 

If /o(665) is the cx-meson, then from the known relation (yfo-TTTr = ("^a^"^^) / V^fnO (/ttO = 
93.1 MeV), we obtain m^j ~ 342 MeV. If we take the resonance part of amplitude as T*"^* = 
^/sT/{ml - s- i^/sT), we obtain ^ 850 MeV and F ^ 1240 MeV. 
4. Summary. It is shown that the large vrvr-background usually obtained in various anal- 
yses combines, in reality, the influence of the left-hand branch-point and the contribution 
of a wide resonance at ~ 665 MeV. Thus, a model-independent confirmation of the state, 
denoted in the PDG issues by /o(400 - 1200) § is obtained. 

A parameterless description of the vrvr background is given by allowance for the left-hand 
branch-point in the proper uniformizing variable. Therefore, all the adjusted parameters in 
describing the tttt scattering are the positions of poles corresponding to resonances, and we 
conclude that our model-independent approach is a valuable tool for studying the realization 
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Table 3: Comparison of results of various works for the vrvr scattering length a\ 





References 


Remarks 


0.27 ±0.06 (1) 
0.266 (2) 


our paper 


model-independent approach 


0.26 ±0.05 


L. Rosselet et al.p 


analysis of the decay K imev 
using Roy's model 


0.24 ±0.09 


A. A. Bel'kov et al.||] 


analysis of 7r~j9 — > Tr+vr^n 
using the effective range formula 


0.23 


S. Ishida et al.[|] 


modified analysis of tttt scattering 
using Breit-Wigner forms 


0.16 


S. Weinberg [H 


current algebra (non-linear a-model) 


0.20 


J. Gasser, H. Leutwyler |10| 


one-loop corrections, non-linear 
realization of chiral symmetry 


0.217 


J. Bijnens at al.|ll 


two-loop corrections, non-linear 
realization of chiral symmetry 


0.26 


M.K. Volkov [|1|] 


linear realization of chiral symmetry 


0.28 


A.N. Ivanov, N.I. Troitskaya p|| 


a variant of chiral theory with 
linear realization of chiral symmetry 



schemes of chiral symmetry. The existence of /o(665) and the obtained TTTr-scattering length 
(aQ(7r7r) k, 0.27) suggest the linear realization of chiral symmetry. 

The analysis of the used experimental data evidences that, if the /o(1370) resonance 
exists (soluiton 2), it has the dominant ss component, because the ratio of its coupling 
constant with the tttt channel to the one with the KK channel is 0.12. A minimum scenario 
of the simultaneous description of processes tttt — > Tni,KK does without the /o(1370) 
resonance. The KK scattering length is very sensitive to whether this state exists or not. 

The /o(1500) state is represented by the pole cluster which corresponds to a flavour 
singlet, e.g. the glueball. 

We think that multichannel states are most adequately represented by clusters, i.e., by 
the pole positions on all the corresponding sheets. The pole positions are rather stable 
characteristics for various models, whereas masses and widths are very model-dependent 
for wide resonances. 
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